In this paper, we first establish a decay estimate for solutions of the fractional order Hénon-Lane-Emden systems, which deduces a result of non-existence. We also consider fractional and higher-order fractional Hénon-Lane-Emden systems and derive a Liouville type theorem via the method of scaling spheres introduced in [11].
Introduction
In this paper , we first consider the following fractional Hénon-Lane-Emden systems
where 0 < α, β < min{2, n}, and a, b, p, q ≥ 0.
For any u ∈ C 1,1 loc (R n ) ∩ L α (R n ), the nonlocal operator (−∆) α 2 (0 < α < 2) is defined by (see [4, 6, 10, 11, 21] The fractional Laplacians (−∆) α 2 can also be defined equivalently (see [7] ) by Caffarelli and Silvestre's extension method (see [9] ).
Letting α = β = 2 and a = b = 0 in (1.1), the system becomes to the well-known Lane-Emden system, (1.4) −∆u(x) = v p , x ∈ R n , −∆v(x) = u q , x ∈ R n .
The celebrated Lane-Emden conjecture, stating that the system (1.4) addmits no non-negative non-trivial solution provided p > 0, q > 0 and 1 p+1 + 1 q+1 > 1 − 2 n , has been extensively studied and solved for the case n ≤ 4 in [24, 17, 25, 19, 22] . Recently, Li and Zhang [16] proved the Hénon-Lane-Emden conjecture for n = 3. For 0 < α = β < 2 and a = b = 0, (1.1) is reduced to fractional Lane-Emden systems,
Naturally, one can also conjecture that, for p > 0, q > 0 and 1 p+1 + 1 q+1 > 1 − α n , system (1.5) admits no non-negative non-trivial solution. Unlike the Lane-Emden conjecture, there are few results on this problem. As far as we know, the best result was obtained in [20] via the method of moving planes and [1] with probabilistic methold. In this paper, we study systems (1.1) using a totally different idea.
One can observe that a decay estimates for second order Lane-Emden system and Hénon-Lane-Emden system (i.e. proposition 2.1 in [25] and lemma 3.3 in [16] ) are essential in the proof of Lane-Emden conjecture in dimension 3 and 4 and Hénon-Lane-Emden conjecture in dimension 3. However, the main technique used in [25] and [16] can not be applied to our problem since that the fractional Laplacian is nonlocal. Inspired by a recent work of Cao, Dai and Qin [2] , we overcome this difficulty through a very interesting observation. The average +∞ R R α r(r 2 −R 2 ) α 2 u(r)dr of u for the nonlocal fractional Laplacian plays a similar role as u for Laplacian in some way, where u is the spherical average of u. Using this observation, we prove the following decay estimate
is non-trivial non-negative solution to (1.1). When p, q ≥ 1 and pq > 1, then there exists a positive constant M = M(α, β, a, b, p, q, n) such that
where the spherical average u is taken with respect to a fixed center. [8] . Therefore, letting α = β → 2 and a = b, we can see that our estimate (1.6) generalizes some essential estimates in proposition 2.1 in [25] and lemma 3.3 in [16] for second order systems to fractional systems.
Then, by a lower bound (2.3) obtained from the equivalent integral system (2.1), the upper bound (1.6) and a by-product in the proof of Theorem 1.1, we can obtain a Liouville type theorem Corollary 1.3. For p, q ≥ 1, if one of the following three conditions holds, (a) p = q = 1; (b) pq > 1 and α+a+p(β+b) pq−1 > n − α; (c) pq > 1 and β+b+q(α+a) pq−1 > n − β. then the unique non-negative solution to (1.1) is (u, v) = (0, 0). [1] proved a more general Liouville type theorem for super-solutions through a probabilistic approach. One can easily see that, our proof of theorem 1.1 corollary 1.3 are also valid for super-solution (u, v) of (1.1) with slight modifications.
A. Biswas
Next, we consider the following fractional and higher-order fractional Hénon-Lane-Emden systems via a different approach
, p, q ≥ 0 and k, l ≥ 0 are integers. Throughout this paper, for m = k or l, we define (−∆) m+ α [7, 21] ), and hence (u, v) is a classical solution to (1.7) in the sense that (−∆) k+ α 2 u and (−∆) l+ β 2 v are pointwise well-defined and continuous in the whole R n . We point out that the super poly-harmonic properties proven in [2] are also valid for systems, by which we are able to establish the equivalence between PDE system (1.7) and its corresponding integral system in the case 2k + α, 2l + β < n. Then, we obtain the following Liouville type theorem for (1.7) via the method of scaling spheres in integral form for 2k + α, 2l + β < n and integral estimate method introduced in [3] and further developed in [2] for max{2k + α, 2l + β} ≥ n.
, or if max{2k + α, 2l + β} ≥ n and n ≥ 2, then (1.7) admit no non-trivial non-negative solution.
Peng [18] proved Theorem 1.4 in the case k = l = 0 and α = β or α = β = 0 and k = l. The method used there is still valid for α = β = 0 and k = l by a slight modification. 
and for some a 1 < α, b 1 < β such that |x| a 1 f (x, v) and |x| b 1 g(x, v) are local Lipschitz on v and u respectively (for the definition of "local Lipschitz", see e.g. [11] ). Then the conclusion in theorems 1.4 can be generalized to systems
In the following, we will use C to denote a general positive constant that may depend on n, α, β, a, b, p, q, u and v, and whose value may differ from line to line.
The proof of theorem 1.1 and corollary 1.3
By a standard procedure (see e.g. [5, 18] ), one can prove the equivalence between PDE systems (1.1) and the corresponding IE systems Lemma 2.1. Suppose that (u, v) is a non-negative solution to systems (1.1), then it also solves the following integral systems
where R α,n and R β,n are the Riesz potential's constants R s,n :=
(see [23] ).
The proof of Lemma 2.1 is standard, we therefore omit it. Since (u, v) satisfies (2.1), we can see that if (u, v) is not identically zero then u > 0, v > 0. Furthermore, there exists a constant C > 0, such that the solution (u, v) satisfies the following lower bound:
Indeed, since u > 0, v > 0 satisfy the IE system (2.1), we can infer that
for all |x| ≥ 1. Similar argument provides the lower bound for v. One can easily verify that
Now, we prove the key decay estimate (1.6) for u and v. From the first equation in (1.1), we conclude that, for arbitrary R > 0,
where the Green's function for (−∆) [15] ) and the Poisson kernel
for |y| > R (see [7] ).
Therefore, by taking x = 0 in (2.4), we have
Replacing R by NR in (2.7), we have
Letting N → +∞ and by the Lebesgue's Dominated Convergence Theorem or the Monotone Convergence Theorem, we arrive at
Then by Hölder inequality, for fixed t ≥ 3, we have
By (2.10) and (2.12), we have
Similarly, from the second equation in (1.1), we can derive
If p = q = 1, then we immediately obtain a contradiction from (2.13) and (2.14) by taking R large. This proves claim (a) in Corollary 1.3. If p, q > 1, then (2.13) and (2.14) give
for some constant M = M(α, β, a, b, p, q, n). This completes the proof of theorem 1.1.
The rest two claims (b) and (c) in corollary 1.3 are direct consequence of the lower bound (2.3) and the upper bound (1.6). This concludes the proof of corollary 1.3.
proof of Theorem 1.4
In this section, we prove theorem 1.4. Applying theorem 1.1 in [2] , we obtain the following lemma . Let u i := (−∆) i+ α 2 u for i = 0, 1, · · · , k − 1, and v j := (−∆) j+ β 2 v for j = 0, 1, · · · , l − 1. Then, we must have
If max{2k + α, 2l + β} ≥ n, the proof of theorem 1.4 is almost the same as the single equation case (see section 4 in [2] ), so we omit the details. We only handle the sub-critical order case, namely, 2 < 2k + α, 2l + β < n, 1 ≤ p ≤ n+2k+α+2a n−2l−β , 1 ≤ q ≤ n+2l+β+2b n−2k−α and (p, q) = ( n+2k+α+2a n−2l−β , n+2l+β+2b n−2k−α ). Based on the super poly-harmonic properties, one can prove the equivalence between PDE systems (1.7) and corresponding IE systems.
Lemma 3.2.
Under the assumption that 0 < 2k + α, 2l + β < n and p, q ≥ 0, suppose that (u, v) is a non-negative solution to systems (1.7), then it also solves the following integral systems
The proof of lemma 3.2 is entirely similar to [4, 27] (see also [11] ), so we omit the proof here. Next, we will prove Theorem 1.4 by way of contradiction and the method of scaling spheres developed by Dai and Qin [11] (see also [12, 13, 14] ). Now, we prove the following Liouville theorem for the integral systems (3.2) through the method of scaling spheres.
n−2k−α and (p, q) = ( n+2k+α+2a n−2l−β , n+2l+β+2b n−2k−α ), then (3.2) has only trivial non-negative continuous solution.
Proof. As in section 2, if (u, v) is a non-trivial non-negative solution to (3.2), then u, v > 0 and satisfy the lower bound estimate
Without loss of generality, we assume that 0 < p < n+2k+α+2a n−2l−β , and 0 < q ≤ n+2l+β+2b n−2k−α . We will apply the method of scaling spheres to show a lower bound for positive solution (u, v), which contradicts with the integral systems (3.2) .
Given any λ > 0, we first define the Kelvin transform of u and v centered at 0 by
for arbitrary x ∈ R n \ {0}. Next, we will carry out the process of scaling spheres with respect to the origin 0 ∈ R n . To this end, let λ > 0 be an arbitrary positive real number and let
for any x ∈ B λ (0) \ {0}. We will first show that, for λ > 0 sufficiently small,
The scaling sphere process can be divided into two steps.
Step 1. Start dilating the sphere from near λ = 0. Define
We will show that, for λ > 0 sufficiently small,
Through direct calculations, we get
for any x ∈ R n , where τ := n + 2k + α + 2a − p(n − 2l − β) > 0. Direct calculations deduce that u λ satisfies the following integral equation
for any x ∈ R n \ {0}, and hence, it follows immediately that
From the integral equations (3.9) and (3.11), one can derive that, for any
Similarly, we have, for any
where τ ′ := n + 2l + β + 2b − q(n − 2k − α) ≥ 0. By Hardy-Littlewood-Sobolev inequality and (3.12), we have, for any
. Therefore, from (3.14) and (3.15) , for any max{ n n−2k−α , n n−2l−β } < t < ∞, we arrive at
for any λ ≤ 1, we have, there exists a ǫ 0 > 0 small enough, such that
This is (3.8) holds and therefore Step 1 is completed.
Step 2. Dilate the sphere S λ outward until λ = +∞. In this step, we will dilate the sphere S λ outward until λ = +∞ to derive lower bound estimates on u and v.
Step 1 provides us a start point to dilate the sphere S λ from place near λ = 0. Now we dilate the sphere S λ outward as long as (3.8) holds. Let (3.19) λ
, and hence, one has (3.20 )
In what follows, we will prove λ 0 = +∞ by contradiction arguments. Suppose on contrary that 0 < λ 0 < +∞. In order to get a contradiction, we will first show that
Then, we will obtain a contradiction with (3.19) via showing that the sphere S λ can be dilated outward a little bit further. More precisely, there exists a ε > 0 small enough such that ω λ 1 ≥ 0, ω λ 2 ≥ 0 in B λ (0) \ {0} for all λ ∈ [λ 0 , λ 0 + ε]. Now we start to prove (3.21) . Indeed, if we suppose that (3.22) ω λ 1 (x) = ω λ 2 (x) ≡ 0, ∀ x ∈ B λ 0 (0) \ {0}, then by the second equality in (3.12) and (3.22) , we arrive at
Again, by (3.12) and (3.13) , one can verify (3.21) holds in both cases. Then, via the same argument as proving (3.27) in [2] , one can easily see that there exists a 0 < η < λ 0 small enough such that, for any x ∈ B η (0) \ {0}, 
One can easily verify that inequality as (3.16) (with the same constant C) also holds for any λ ∈ [λ 0 , λ 0 + r 0 ], that is, for any max{ n n−2k−α , n n−2l−β } < t < ∞, we have
(3.28) From (3.21) and (3.24), we can infer that
Again, as in the proof of (3.32) in [2] , we can deduce from (3.29) that, there exists a 0 < ε 1 < r 0 sufficiently small, such that, for any λ ∈ [λ 0 , λ 0 + ε 1 ],
By (3.30), we know that for any λ ∈ [λ 0 , λ 0 + ε 1 ],
and hence, estimates (3.25) and (3.31) yields
Therefore, for any λ ∈ [λ 0 , λ 0 + ε 1 ], we deduce from (3.32) that, B − 1,λ = B − 2,λ = ∅, that is,
, which contradicts with the definition (3.19) of λ 0 . Thus we must have λ 0 = +∞, that is,
For arbitrary |x| ≥ 1, let λ := |x|, then (3.34) yields the following lower bound estimate:
u(x) ≥ min In all cases, it is obvious that the lower bound
for |x| > 1 and j large contradicts with the following integrability 
